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Abstract 

In this paper we show how one can combine the p-adic Rankin- Selberg product 
construction of Hida with freeness results of Hecke modules of Wiles to establish 
interesting congruences between special values of L-functions. These congruences 
is a part of some deep conjectural congruences that follow from the work of Kato 
on the non-commutative Iwasawa theory of the false Tate curve extension. 

1 Introduction 

Let E be an elliptic curve defined over Q and p a rational prime. In the classical setting 
of cyclotomic Iwasawa theory for elliptic curves one is concerned with the study of the 
twists of the elliptic curve by finite order character that factor through the cyclotomic 
Zp extension Qcyc C Un>oQ{Hp^), where fip^ is the group of the p"-th roots of unity. 
The aim of the theory is to obtain a link between the analytically defined L functions 
attached to E, and its twists, and the arithmetic properties of the elliptic curve over 
the cyclotomic tower The cyclotomic Main Conjecture for elliptic curves gives to 
this conjectural link a very precise form. We note that much has akeady been proven 
towards this Main Conjecture by Kato [19 |, and Skinner and Urban have announced a 
complete proof for semi-stable E, subject to proving certain results about the Galois 
representations attached to automorphic forms. 

One of the key ingredients of the above Main Conjecture are the p-adic L func- 
tions. These are usually realized as p-adic measures over Galois groups, which, when 
evaluated at finite order characters, interpolate canonically modified values of the L 
function. Their construction usually involves two steps. The first one is to find proper 
transcendental numbers, usually called periods, such that the ratio of the L values over 
these periods gives an algebraic number. The second step is to prove that these values, 
or a slight modification of them, have the desired interpolation and integrality proper- 
ties. 

Lately there has been great interest in extending the classical Iwasawa theory to 
a non abelian setting, that is to replace the Zp extension by more general p-adic Lie 
extensions whose Galois group is non-abelian. In fact in [5J a precise analogue of the 
Main Conjecture in this non abelian setting for a large family of p-adic Lie groups has 
been stated. 
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One of the extensions that is of particular interest is the so called "false Tate curve" 
extensions. That is extensions of the form, Qft '■= U„>oQ(/ip", for some p- 

power free integer m > 1. Note that the Galois group is the semi-direct product Zp k 
Zp . There is a conjectural theory forp-adic L functions that should exist in this setting. 
In a work with V.Dokchitser |4| we have addressed the first of the above mentioned two 
steps, that is algebraicity of the critical values of the L functions involved. 

In order to make things more explicit let us fix some more notation. We write E for 
an elliptic curve defined over Q and Ne for its conductor. As we already mentioned we 
consider the extensions Qft.u Q(/^p", and Qft = U„>oQFT,ri- We write 

p for an Artin representation that factors through Qft and Np for its conductor. Let 
us also write L{E, p, s) for the L function attached to E twisted by p. We consider the 
value of L{E, p, s) at the critical point s = 1. The fact that the Artin representations p 
factor through the false Tate curve allowed us to establish the analyticity of L{E, p, s) 
at s = 1 and then our main result in [4 | is concerned with the algebraic properties of 
these values. Let us write il± {E) for the Neron periods attached to the elliptic curve 
E. Then we have shown that 

L{E,p,l) ^- 



for all Artin representations p that factor through Qft- Actually we did more. Namely, 
involving also the period that should correspond to the 'Artin motive" M [p) attached 
to p we established the period conjecture of Deligne that gives a precise description of 
the number field where this value lies. 

Let us now move to the second step that we mentioned above, that is the p-adic 
properties of these values. From now on we will assume that the elliptic curve has 
good ordinary reduction at p. We start by stating a conjectural congruence between 
these L values for different Artin representations. We define the quantity R{p) as 

Rio) ■= e rjl„-^^(^°) ^p(^'"'') . 

^KP)- epypju Pp{p,w~^) n+{E)d^--(P+)n-{E)d"n{p-) 

where ep{p) is a local epsilon factor of p suitably normalized, Pp{p, X) is the usual 
characteristic polynomial associated to p at p and u, w are p-adic numbers defined by, 

1 - QpX +pX^ (1 - uX){l - wX), ueZ^ and p+l-ap = ifEp{Wp) 

Here p is the dual representation but in our false Tate curve setting it is easy to see that 
/5 = p. Finally the subscript {p, q\m} means that we have removed the Euler factors at 
these primes. Then we state. 



Conjecture: For each n > 1, let %„ be a character of Gal{QFT,n/Q{pp'^)) of exact 
order p". Write p„ for the induced representation of Xn to Gal{QFT,n/Q) and (T„ for 
the representation induced to Gal{QFT.n/Q) from the trivial one over Then, 
the values R{pn) and -R(cr„) are p-adically integral and satisfy 



\R{pn) - R{<Jn)\p < 1 
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or more generally 

\R{Pn ® V-') - R{(^n ®tp)\p<l 

where tp isa finite order character of Gal{Q'^y /<Q) and | • |p normalized as \p\p = p^^. 

Let us comment a little bit more on this conjecture and its connection to non com- 
mutative Iwasawa theory. The definition of the quantity R{p) describes the interpo- 
lation properties that the conjectural, as in |5 |, non-abelian p-adic i-function should 
satisfy. Indeed the authors in |5| have conjectured the existence of an element in the 
Ki of the Iwasawa algebra associated to this extension that interpolates suitably mod- 
ified, as above, values of L{E,p, 1) and plays the role of the non-abelian p-adic L 
function in their theory. Note that the representations p„ and (t„ are defined over Q 
and are congruent modulo p that is if we consider their reduction modulo p then their 
semi-simplifications are isomorphic. Hence the existence of the non-abelian p-adic L 
function would imply that its values should be also p-adically close. 

There is almost nothing known concerning the construction of this object for a 
general p-adic Lie extension. However in the setting that we are interested in, the false 
Tate curve extension, Kato in 1 18| has related the existence of this non-abelian object 
with congruences between classical abelianp-adic L functions over various fields of the 
extension. We take some time to explain this as it will help us motivate the results that 
appear in this paper. Let G be the Galois group of the false Tate curve extension and 
A(G') = Zp[[G']] the Iwasawa algebra of G. We set fcer(Z^ ^ (Z/p"Z)^). 

The main result of Kato in [,18 J is the construction of an injective homomorphism 

n>0 

and the explicit description of the image. In order to make this last statement a lit- 
tle bit more precise we write, for n > m > 0, N^.n : Z^ Z,, [[[/("■)]] 
for the canonical norm map, (p be the ring homomorphism Zp[[Zp ]] Zp[[Zp ]] in- 
duced by the rising to the power p map on Z^ . Then the result of Kato says that 
0G(ifi(A(G))) = (a„)„>o with 

Yl N,^n[ci)P' = 1 modp2» 

0<i<n 

with Cn — bn(p{bn-i)^^ and 6„ — a„A^o.n(ao)^^- The elements a„ have an arithmetic 
meaning, they are abelian p-adic L functions. More precisely if we write p„ for the 
Artin representation of G induced from a character of p" order of the Galois group 
GaZ((Q)(/ipn , ''\/m)/Q(/ipn)), then the elements a„ are the abelian p-adic L-functions 
interpolating the values L{E (E) Pn^X^ l)- for X Dirichlet characters of the cyclotomic 
extension of Q. 

The conjectural congruences that we have written above correspond to the case of 
n = 1 of Kato's congruences after evaluating the abelian p-adic L functions at the 
character ^. There is computational support for these conjectures; initially by Balister 
m and much more vastly by the Dokchitser brothers [11 j . In the first part of this 
work |[3l we have showed the existence of the abelian p-adic L-functions a„ appeared 
in Katos's congruences and proved the above conjectural congruences up to an issue 
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of periods. Namely there we have used not the motivic periods that are stated in the 
congruences but automorphic periods, the so called Eichler-Shimura-Harder periods, 
that appear quite natural in the so called modular symbol construction. There we came 
across to a rather deep problem, namely the relation of these automorphic periods as 
one use the functorial properties of the L-functions and especially base-change. We 
say a little bit more on this at the last section of this paper Finally we note that in 
Q an inductive argument was used to show how these congruences (for n = 1) can 
provide congruences for n > 1 in the form conjectured by Kato but unfortunately not 
modulo the right p power. 

Our aim in this paper is to tackle the conjectural congruences insisting on getting 
the right motivic periods. We achieve that for the case where p — 3 but we also discuss 
possible extensions for the case of p > 3. We need to impose some further conditions 
on E, other of technical nature which we believe can be removed and other that seem 
important. Namely from now on we assume that (a) The curve E is semi-stable and 
if we consider the minimal discriminant A^; = JlqiTVE 9*' P does not divide iq 
for all q. Note that the last condition means that the conductor of E is equal to the 
Artin conductor of the mod p representation obtained by E. (b) We assume that m 
that appear in the false Tate extension is power free with (to, Ne) = = 1 and, 

(c) a rather important assumption, that E has no rational subgroup of order p, that is 
the associated modulo p representation is irreducible. Finally we mention here that as 
our aim here is to address the issue of motivic versus automorphic periods we focus on 
proving the above conjectures for ijj = 1. However we lay all important constructions 
so that everything can be extend to the case ijj being not trivial. 

Our proof can be divided into two parts. Let us write / £ S2(r(){NE)','Q) for 
the rational newform that we can associate to E. In the first part we rely on the work 
of Hida of the construction of a p-adic Rankin-Selberg product initiated in |.13] and 
generalized in fHj. We can associate a newform g of weight one to the Artin repre- 
sentation p and an Eisenstein series £ of weight one with a. Using them, we construct 
p-adic measures dp, f,g and dp f,£ over that are congruent modulo p, in the sense 
that their values at every finite character of are congruent. These measures interpo- 
late, p-adically, twists of the critical values of the Rankin-Selberg products D{f, g, s) 
and D{f,£, s) by finite order characters. Evaluating these measures at the trivial char- 
acter we get a first form of congruences between D{f, g, 1) and D{f, £, 1). Under the 
semi-stable assumption we can easily relate the Rankin-Selberg product to the twists 
of the elliptic curve E. 

However we do not yet get the congruences stated in the theorem above. We need 
to work further two things. First, in order to establish the congruences between the 
measures above, we had to clear a denominator c(/, to) that depends solely on / and 
TO. Hence we get congruences after multiplying with this constant c(/, to). Second, 
the periods that we use to get the rationality of the Rankin-Selberg product are closely 
related to the Petersson inner product < /, / >. These periods may not be equal to 
our periods r2+(£') and J7_(£') up to a p-adic unit. These two problems are related. 
That is, the reason that the denominator c(/, m) appears in our p-adic interpolation is 
the fact that the Petersson inner product is not the proper automorphic period in order 
to get n-adically integral ratios of the form ^ 

c JO aut. perioas 

In the second part we show, under the assumptions of the theorem, that indeed 
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this is the case. This part rehes heavily on the work of Wiles. We make use of two 
of his important results in [28 1. The first one is an extension of a theorem of Mazur 
Il24l on the freeness, over a completed Hecke algebra, of the first cohomology group 
of modular curves after localizing it at a proper maximal ideal. The second one is an 
extension of a theorem of Ihara on the study of maps between Jacobians of modular 
curves of different levels. Here we would like to mention how helpful was for us the 
paper of Darmon, Diamond and Taylor [6] reviewing the work of Wiles. 

Let us just mention that we tried to apply the same ideas for p > 3. Here in order 
to bring things to the previous setting we use the fact that the base-change property 
for automorphic representations of GL{2) has been proved for cyclic extensions I23l . 
Using this, we can work the congruences over the totaly real field F := Q(/ip)"'". 
However we face two problems. First the fact that we work with a prime that ramifies 
in F puts restrictions on the freeness results that we need. Second we need to relate our 
defined automorhic periods over F with the ones over Q, and even stronger we need 
the relation to be up to p-adic units a problem much of the same nature that we face in 
our work 13|. We do not have an answer to these questions yet. 



Acknowledgements: The author would like to thank Professor John Coates for sug- 
gesting to work on Kato's congruences and for recommending to consider the use of 
the Rankin-Selberg method and its p-adic version. 



2 Basic Notations 

Let H be the complex upper half plane. If we denote by Gi J (K.) the two by two real 
matrices with positive determinant, then we consider the action of them on H by liner 

fractional transformations, z i-> a{z) = ^^Joia ^ ^ 5 ^ GiJ(M). We let 

k > 1 be an integer and we define an action of GL^ (K.) on functions / : H — > C by 

/ ^ (/|feN)(2) = rfet(a)^/2(c2 + 

a c 



for — y d J ^ GLj (IR). We denote by S'L2(Z) the two by two matrices 

with determinant 1 and integral entries. For a positive integer N we have the standard 
notations for the subgroups of SL2{1'), 

V(N) = {7 e SL^m I 7 = ( J J ) mod TV} 



ro(7V) = {7 e SL^i-L) I 7 - ^ j mod TV} 
ri(TV) = {7 e ro(TV) | 7 = ( J ^ ) mod tv} 

We write Mfe(ri(iV)) (resp. S'fe(ri(iV))) for the space of modular forms (resp. 
cusp forms) of weight k with respect to Ti (TV). We write Mfc(ro(iV), x) (resp Sk{To{N), x) 
for modular forms (resp. cusp forms) with respect to ro(A^) and Nebentype x- 
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Let us consider a cusp form / G Sk{To{N),x) and a modular form 5 £ Mi{To{N),tlj), 
for some integers k and / where we moreover assume k > I. Let us write their Fourier 
expansions at 00 cusp as f{z) — '^('^j ™d g{z) = X]^o "^("i ff)^" ^i*-^ 

g = e^'^*^ We also define fP{z) = E^T^i ^(n, /)<?" G S'fc(ro(iV), x)- We consider 
the quantities L{f, g, s) :— X^^i 5)"-"'* ^"d their Rankin-Selberg con- 

volution, £*(/, .g, s) := Ljv(x'0, 2s + 2 — fc — l)L{f, g, s) where we have removed 
the Euler factors at N from L{xi^, s). If we assume that / and g are actually normal- 
ized eigenforms and if we write their L functions L(/, s) = rig{(l ~ "^(^i ~ 
f)q-nr^ and L(g, s) = ng{(l-«(9,5)g-^)(l-/3(g,ff)'Z-^)}-' then we have 

that 

D{Lg,s) - []{(! - a{q,J)a{q,g)q-'){l - a{qJ)P{q,g)q~')x 
9 

(1 - p{q, f)a{q, g)<Z-^)(l - P{q, /)/?(<?, 5)9-')}-' 

3 ]9-adic modular forms and measures 

In this section we introduce the needed background in order to obtain the p-adic version 
of the Rankin-Selberg convolution. For all this background we follow Hida's papers 
1 1 3 , 1 4 1 . We let p be a prime number and we fix an embedding Q ^ ^ Cp, where 
Cp is the p-adic completion of under the normalized p-adic absolute value | • |p with 
\p\p = P^^- For any subring i? C Q we consider the i?-modules, 

MkiTo{N),ib;R):^{feMkiTo{N),^)\ /(z) = ^ a(n, a(n,/)ei?} 

ri>0 

Mfc(ri(iV);i?) :={/€ A4(ri(iV)) I /(z) = ^a(n,/)q", a{n, f) e R} 

ri>0 

Moreover we define Sk{To{N), ?/;; R) = Sk{To{N),iP) n Mk{To{N), ^Ir, R) and sim- 
ilai- for SkiTi{N);R). For a modular form / e Mk{Ti{N);Q) it is known that 
one can define the p-adic norm of /, \f\p := supn>a\a{n, f)\p. Let now Kq be 
any finite extension of Q and write K for the closure of A'o in Cp. We define the 
space Mk{T(,{N),ip; K) (resp. Mk{Ti{N); K)) to be the p-adic completion of the 
space Mfc(ro(A^), -0; -f^o) (resp. AIk{Ti{N)\KQ) with respect to the norm | • |p in- 
side -ftr[[g]] where we consider q as indeterminant. Then it is known by the work 
of Deligne and Rapoport H) that, Mk{To{N),i!; K) = Mk{To{N),Tp; Kq) (E>k„ K, 
Mk{Ti{N); K) = Mk{Ti{N)]KQ) ®Ko K. Moreover it is known that the definition 
of Mk{Ti{N);K) and Mk{TQ{N),ii] K) is independent of the choice of the dense 
subfield Kq. Let us now write Ok for the p-adic ring of integers of K. Then we define 
the p-adic integral modular forms as, 

Mfc(ro(iV), ^; Ok) ■= {/ e A4(ro(iV), V; K) I \f\p < 1} = Mfc(ro(7V), V; K)C^OK[[q]]. 
Mk{T,{N);OK) :={f eMk{Ti{N);K) \ \f\p<l} = Mk{Ti{N);K)nOK[[q]] 
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Definition 1 {p-adic modular fonns). Let A be either K or Ok- We consider the 
spaces, 

Mk{N;A) :=U^=oA4(ri(A^p");A) and Mk{N,^P;A) U,T=o^^fe(ro(A^p"), ^; A) 

Then we define the space of p-adic modular forms ofTi{N), resp. ofTo{N) and 
character ijj, as the completion of the above spaces with respect to the norm \ ■ \p. We 
denote them by Ivlk {N; A), resp. Tlu {N, ip; A). 

We note that all the above discussion can be done considering cusp forms instead 
of modular forms. In particular we can consider also p-adic cusp forms which we will 
denote by (N, A) and (N, -0; A). 

Remark 1 For our later use, we mention that the space Mk {N, A) is actually inde- 
pendent of k for k > 2, so we may also write just AI{N; A), see M4\l . 

Now we are going to define p-adic Hecke operator that extend the usual ones when 
restricted to the space of classical modular forms. For any integer n prime to N we 

/ n ^ o \ 

consider a matrix (T„ e ro(A^), such that (t„ = ( ^ ^1 mod N. It follows by 

the work of Deligne and Rapoport [ 8 1 that the action / / | fcCn on Mk (Fi [N) ; K) is 
integral, that is it preserves the integral space MkiTi{N) \ Ok)- We "define" the Hecke 
operators T(£) and for every prime £, acting on MkiTi{N)] K) by describing 
their action on the g-expansion, 

a{tnJ)+£^-^a{^,f\k(Ti), if ^ is prime to iV; 
a{£n,f), otherwise. 



a(n,T(^)/). 

a{n,Smf)) 



^a{n,f\ka£), if ^ is prime to A^; 
0, otherwise. 

Note that these definitions are consistent with the ones on the classical elliptic modular 
forms. We define the Hecke algebra i?fc (Fq ( A^) , i/' ; resp. iJfc (F i (iV) ; A) ) , for A ei- 
ther if or Oa' as the A-subalgebraof £;ndA(A/fe(Fo(A^), '0; A)), resp. EndAiMk(Ti{N); A)), 
generated by T{£) and S{£) for all primes £. Similarly we define hk{To{N); ip; A) and 
hk{Ti{N); A) when we restrict the action to the space of cusp forms. Actually one has 
that Hk{To{N),->p] A) = Hk{To{N),ip] ®z A and similarly for the other spaces. 
Finally we note that when p\N the action of the Hecke operators is p-adically integral 
i.e. \Tf\p < for every T G 7Jfe(Fi(iV); Ok). 

We now define p-adic Hecke algebras. Notice that we have the Ox-surjective ho- 
momorphisms induced by restriction of the Hecke operators, 

Hk{To{Np"'),i^;OK) ^ Hk{ro{Np''),t,OK) for m>n>\ 

HkiV^iNp^-y.OK) ^ Hk{Ti{Np^)-OK) for m>n>l 



Definition 2 We define the space of p-adic Hecke algebras Hk{N, ip; Ok) (resp. Hk{N]0 k)) 
by the projective limit, Ym\ nHk{To{N)^'ip]0 k) (resp. limn-fffc(Fi(A^); Ok))- Simi- 
larly we define the spaces hk{N, ^; Ok) and hk{N; Ok)- 
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By definition this operators act on the spaces Mk{N; A) and Mk{N, tp] A) for A 
equal to K or Ok- However the fact they are p-adically integral allow us to extend their 
action to the space of p-adic modular forms M k {N; A) and M k (N, ip',-/^)- Our next 
step is to define Hida's ordinary idempotent e attached to the Hecke operator T{p). We 
start with a general lemma. 

Lemma 1 For any commutative Ok -algebra R of finite rank over Ok and for any 
X €z R the limit lim„^oo 2;"' exists and gives an idempotent of R. 

Proof See HSl (p.201) ■. 

Definition 3 We define an idempotent Cn in Hk{To{Np"' , ip; Ok) and in Hk{Ti{Np^] Ok) 
by the limit e„ = limm^oo T{p)"^'. Moreover we define an idempotent in Hk{N; Ok) 
and in Hk{N, ip; Ok) by taking the projective limit e = lim„e„. 

We will be interested in the space eMk{N, ijj; Ok), usually called the ordinary part 
of Mk{N, iP;Ok) and denoted by Mf.{N, ip; Ok)- Actually this space is not that large 
as the following lemma indicates. 

Lemma 2 (Hida) Let C{ip) be the conductor of the character ip. Define positive in- 
tegers N' and C{tp)' by writing N = N'p'' and C(V') = C(V')'p* with {N',p) = 
{C{ipy ,p) = 1. Let s := max{t, 1). Then, 



Definition 4 We say that a normalized eigenform /q G S'fe(ro(A'o)'0) on (p-) ordi- 
nary form if 

L The level Nq of the form f is divisible by p. 

2. The Fourier coefficient a{p, /q) is a p-adic unit. 

The following lemma is proved in lfT3l (p. 168), 

Lemma 3 Let f G S'A;(ro(A'^), ip) be a newform with k > 2 and \a{p, f)\p = 1. Then, 
there is a unique ordinary form /o of weight k and character such that a{n, f) = 
a{n, /o) for all n not divisible by p. Moreover, Jq is given by. 



where w is the unique root of — a{p, f)X +ilj{p)p''^^ = with \w\p < 1. Moreover 
in the second case i.e. (p, N) — Iwe have that Nq = Np and that a(j), Jq) — u where 
u is the p-adic unit root of the above equation. 



eMk{N,^;OK) C Mk{ToiN'f),ib;OK) 



Proof: See JT3l . 




/ ( z ) , if p divides N; 

f{z) — wf{pz), otherwise. 
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Let us now consider a surjectiveiir-linearhomomorphism$ : hk{To{No),il;; K) 
K that is induced by an ordinary form /o by sending T{n) ^ a{n, fo). Let us more- 
over assume that this map is spHt (we will show later that in the case of interest this will 
be true) and induces an algebra direct decomposition, /ifc(ro(A^o), V'! K) = K x A for 
some summand A and let us denote by 1 the idempotent corresponding to the first 
summand isomorphic to We now consider the linear form : Sk{No,ip; K) K 
defined by, f/^ {g) := a(l, 1 f^e g). Note that, by lemma|2l the linear form is well de- 
fined. 

Proposition 1 [Hida 's linear operator) Assume that Kq contains all the Fourier co- 
efficients of the ordinary form fo- Then, the linear form t has values in Kq on 
Sk{To{Nop"),ilj; Ko) for every n > 0. Furthermore, for g G Sk{To{Nop"),ip; Kg) 
we have 

< Jo >7Vo 

where h = J^\k ^ ^ ^, hn{z) = 



Proof See 113 P- 175. 



We note that if we consider a constant c(/o) G Ok such that c(/o) 1 fo E hk (Fi (iVo) ; Ok) 
then we have an integral valued Unear form c{fo)£fg : Sk{No, ij;] Ok) Ok as the 
Hecke operators are p-adically integral 



p-adic modular forms valued measures: Now we are going to define p-adic mea- 
sures associated with p-adic modular forms M{N; Ok) for some N relative prime to 
p. Note that it follows from remark 1 that we do not need to specify the weight. 

We let X to be a p-adic space that consists of some copies of Zp and of a finite 
product of finite groups. For our applications later X is going to be just ^ (1 + 
pZp) X CE/pZ)^ . Let us write C{X; Ok) for the space of continuous functions of 
X with values in Ok and LC{X; Ok) for the space of locally constant functions on 
X. A measure p on X with values in the space M{N; Ok) is just an Oi^-linear 
homomorphism from C{X; Ok) to M(A^; O/^). 

Let us consider the space := x (Z/NZ) ^ and for an element z e let us 
write Zp for the projection of z to the first component. We can define an action of Zn 
on the space Mk(ri{Np^);OK) by / i— > f\z := z^f\kcrz with az as defined above. 
This action can be extended to M(iV, Ok) (see |[T4] p. 10). 

Definition 5 (see fM^) We say that a p-adic measure ji : C{X\ Ok) M{N; Ok) 
is arithmetic if the following three conditions are satisfied, 

1. There exists positive integer k such that for every (p e LC{X; Ok), 

picj))€Mk{Np°°;OK) 



We will call k the weight of ii. 
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2. There are continuous action Zn x X X and a finite order character ^ : 
— > such that ii{(t))\z — Zp£^(z)iJ,{<j){z ■ x)) for every (j> G C{X]Ok), 
where k the weight of ^. We then say that the arithmetic measure is of character 

e 

We say that the measure is cuspidal if fi actually takes values in S{N; Ok)- 

We are interested in attaching arithmetic measures to a given modular form. Given 
a modular form / e Mk{To{N),x; Ok) with g-expansion f{z) = J2n>o Z)?" 
we can associate a measure d^ j on X :— by, 

d^lf{cp) ^ 'A e CiX; Ok) 

ri>l 

where we define the action of Zjv on by z-x i-^ z^x. From the following lemma due 
to Shimura we conclude that d/i f is an arithmetic measure of weight k and character 
X- 

Lemma 4 Let g = X^^o ff)?" ^ Affc(ro(-^)j t^) ant^ <P arbitrary function on 
Y„, ^Z/Np"'Z. Define g{(l)) := Yln=o^i'^)^i'^^ 9)'t- Then for any ^ ^ ( c d 
Tq{N'^p'^"^), we have the following transformation formula, 

9{<t>)\kl = uj{d)g{(j>a) 
where (j)a{y) = (t){a-^y)for all y eYm ^Z/Np"^Z. 

Proof See HI (p. 190) ■ 

By a result of Hida in lfT4l (p. 24 corollary 2.3) it follows that actually the measure 
/i/, on , is cuspidal. 

Eisenstein measure and convolution: Of particular importance for us is the exis- 
tence, which follows from ||2T1 . of the following arithmetic measure of weight one, 
dE : C{Zl;Ok) ^ S{L;Ok) defined by. 



- ( \ 

2 / cj,{z)dE ^ Y E s<?n(d)^(d) 

{n,p) = l \{dX) = l / 



q'^eOKiiql 



We call this the Eisenstein-Katz measure. For a general arithmetic measure fig of 
associated to a modular form of weight £ and character ip we can define a convolution 
operation, see for example fOl l26l . of pg and dE. We consider the action of Zl on 

C(Z^ ; Oi^) by (z * (j)){x) := V(2)Zp</>(22x) for z e and e C(Z; ; O^). For a 
given integer fc > ^ and a finite order character x : ^ C ^ we define the arithmetic 
measure {pg * dE)^^k ■ C{1^ ;Ok) S{L; Ok) as 

/ 0(x)(^^*di?)x,fc:= / / xi^)4'\z-'*m=^)dEiz)dp;^ix) 
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4 j9-adic Rankin-Selberg convolution 

Now we have collected all the needed background from the theory of p-adic modular 
forms and measures to introduce p-adic Rankin-Selberg convolution. In this section we 
state and prove a simplified version, sufficient for our purposes, of a theorem of Hida, 
as for example stated in lfT4l theorem 5.1. 

Let/ G S'fc(ro(A^), x) be a normalized eigenform with |a(p, /)|p = land{N,p) = 
1. Write /o S ro{Np),x) for the corresponding ordinary form. We recall that 
/o = / - ^^^^f\[p] where f\[p]{z) := f{pz) and u the root of - a{p, f)X + 
X{p)p'^^^ = which is ap-adic unit. Let g e Af<i(ro( Jp"), ■0) with (J,p) = 1 and 
k > £. Consider the cuspidal arithmetic measure /ig on X := that we can attach 
to g from the previous section. Now we assume that we can attach to /q a linear form 
£fg : Sk{N; Ok) — > i^T as in the previous section. We also consider a constant c(/) 
such that c{f)£f takes integral values. Then we have. 

Theorem 1 [p-adic Rankin-Selberg convolution) With notation as above, there is a 
measure fJ^fxg '■ Zp Ok such that for any finite order character (p on , 

-n(f\( ^\kin(r, f \^-0^P^/^r,^P ^ (/o , Mff W I ^ : ^) 

0dM,x,-c(/)(-l)ta(p,/o) plp^ 2^+W^+^</„''Ur.p,/o>.p 
where, 

t = {-l)''l.c.m{N, J)7V'^'/V^/2r(£) 
and (3 is such that ^{(f) £ Mi{Y'i{Jp^)) and T/s — ^ ^ ^ 

Remark 2 This is a special case of a more general result of Hida. First of all us- 
ing Shimura 's differential operators he can show that the above p-adic measure in- 
terpolates the rest of the critical values of the Rankin-Selberg L-function i.e. D(£ + 
m, /o, iJL{4>)\iTfj) for < m < k — £. Second, and most important, Hida can construct 
p-adic measures that interpolate families of modular forms ( usually called K-adic mod- 
ular forms), in both variables of the Rankin-Selberg product (under some ordinarity 
assumptions also on the second variable). 

We give the proof of the above theorem following Hida as in fT4l| (page 76). The 
explicit construction of the measure /i/xg is important for our purposes. 

Proof: Let us denote by L the least common multiple of N and J. We consider the 
Eisenstein-Katz measure dE : C{Zl; Ok) S{L; Ok) that we have introduced in 
the previous section. Recall that is defined as. 



/ \ 

sgn{d)(f>{d) 

(n,p) = l \{d,L) = l J 



~ oo 

; / cj,{z)dE = Y 
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and Zl = lip X (Z/iZ)^. We also modify the arithmetic measure Hg by defining 
a new one, ^^(0) | [L/J] where [L/J] : S{J]Ok) ^ S{L]Ok), as 

[L/J](^j^>-^ a{n,g)q") i— > X]n>i '^("-iff)?"^ ' and hence /Lt^ is again an arithmetic 
measure of weight ^ and character i/;. Recall that we have defined an action of Zl on 
Zp as z • X 1-^ and by the previous section we can consider the convoluted measure 
{Hg * dE)^^k, which we recall is defined by, 



Now we define the measure /i/ x g as 



X{z)z^-\z-^ * (f>){x)dE{z)dn^{x) 



Zl 



(jjd^ify^g := c(/) o o TrL/N o e( / (jj^iig * dE)^^k) 



Here Tr^/pf : M{L;Ok) ^ N{N;Ok) is the trace operator, see f26l. We do 
not need to give its detailed definition but just mention that when restricted to the 
classical modular forms satisfy the usual property; for / G Sk{Ti{N)-,OK) and 
g e MkiTi{L));OK) we have that, < f,TrL/N9 >n=< {L/Nf f\[L/N],g >l. 
Let now be a finite order character on . We compute the value of our measure on 
(p. We have. 



x{z)z^-\z-^*cb){x)dE{z)dfi^{x) 



Zl 



Zl 



x{z)z^~^ijiz)~^z;'<f>{zp)-^<f>{x)dE{z)dti^{x)^ 



Zl 



xiz)z';~'~'i;izr'cl,izpr'cl,ix)dE{z)dfi 



4>{x)d^l^j ■ (^j^ x^'\z)cl>-'{zp)z'p-'-'dE{z) 
Evaluating the Eisenstein measure we get, 

X^^\z)<P~\zp)z^-'-'dE = Ek-i,Lpixi^-'^p) I tp 



Zl 



where (f>p{z) = (f> ^{zp) and. 



E, 



0<d|n 

\(d,Mp) = l 



n=l 



an Eisenstein series in Mm {To{M),6). We consider now the projection to the ordinary 
part. By the property e(/ • g\ip) — e{f\ip ■ g) (see lfT4l . p. 24) and since ^^{(j))\ip = 
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Hg {(f)) as it is measure over we have that, 

e( / * dE)^,k) = I I cl){x)dfi^ ] ■ Ek-t,Lp{x^~^<t>p) 



Applying the expUcit formula for the Hnear form and after writing /i (J^x 
e 5fc(ro(iVp'3)),^) we have, 

= c(/)afa/o)^-V^-^)(^/-) < ^jv,) I [/-^] T.v.W 

< Jo Ife '''Npn JO >Np 

We claim the equality, 

< ifS Ife rNp) I [/"^],rri/^(;i) >^p,= (L/iV)'=/V^'~^'/' < /o" I rLp^,h>i^p, 

Indeed by the property of the trace operator that we described above we have, 

< (/o' Ife TNp) I [p^-'],TrL/N{h) >Npf^^ {L/Nf < {f^ U- r^p) \ 
[Lpt'-'/N],h>Lp, 

Hence the evaluation of the measure now reads as, 

< Jo |fc '''Np-, Jo >Np 

We note that we can write , 

= i-lY{L/jy'/\fiMUrjp^)UrLp^ 

The following proposition, which is taken from lfT4i p. 63 allow us to conclude the 
proof. 

Proposition! Let hi e SkiTQ{Lp'^),Tp) andh2 £ Mi{To{LpP),C)- Then, 
D{hi,h2,£) ^t' < h'^lkTi^pH , {h2\eTLp0){Ek-£,Lp{^ip)) >Lp0 
where t' 2'=+'^7r^+i(Lp'3)3('=-^-2)(^^)£-fe(p(^))- 



-1 



5 Towards the congruences 

In this section we obtain a first form of the congruences claimed in the introduction. 
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5.1 The case p — 3 

We start with some generalities. Let K/Q be a quadratic imaginary extension of 
discriminant D and non-trivial character cd- Let x* '■ A^/iiT^ be a fi- 

nite order Hecke character corresponding by class field theory to a Galois character 
X ■ Gal{K{f^) / K) where the conductor of x ^nd K{f^ the ray class 

field for the ideal f-^. We will also write x for the ideal character corresponding to 
X*. Consider the series g^iz) = X^acOK xl^)?^^^^ if X is not the trivial character 
where q = e^'^'^ and x(a) = if (a,fj(,) 7^ 1. In case x is the trivial character we 
define gi{z) = ^^(0, eu) + X^acO/c automorphic induction we have that 

Qxiz) e Mi(ro(|D|A^(f), euxlz) where by x|z we mean the character obtained by 
restricting x to ideals in Z. Moreover it is known that for x non-trivial we have that 
gx{z) € S'i(ro(|-D|Af(f),eDx|z) isaprimitiveform. 

Let us write p for the prime number 3. We consider the field Q(iUp)/Q) and we 
write p for the unique prime above p in it. Let us now denote by x any of the two 
non- trivial character of the cycUc cubic extension Q(/Ltp, ^^)/Q{Hp) for m a power 
free integer and {m,p) = 1. Note that x — 1 rnod p. We consider the induced 
representation p := Indq (x), a two dimensional Artin representation p : S3 = 
Gal{Q{iJ,p, ^^)/Q) GL2{I'). We write gp for the corresponding newform ob- 
tained from the discussion above with gp G Si{To{m'^p^), e^xlz) where r = 1 if x 
does not ramify at p and r = 3 if it does. Note that actually x|z is the trivial character. 
Finally let us also write g^ for the Eisenstein series gi. Then, g^ G Mi(ro(p), Cp). 

We associate p-adic arithmetic measures to our modular forms g^ and gp. We 
modify g^r and consider the modular form ga^^^ ■= ga \ G ^^i(ro("^^P! (p)^ with 
im the trivial character modulo m, i.e we remove the "Euler factors" at the primes 
dividing m. We now consider the associated arithmetic measures on . For (j) e 
C(Z^ ; Zp) we have, 

00 

diJ.p:4>^^ (f>{n)a{n,gp)q" 

n=l 
00 

n=l 

Note that by construction we have that for any </> e C(Zp , Zp), 




mod p 



where the meaning of the congruences here is term by term i.e. (f>{n)a{n, gp) = 
<p{n)a{n, g^^ ) mod p for all n. 

Let now £^/Q be an elliptic curve over Q with conductor N and with good ordi- 
nary reduction at p. Recall that we are assuming that E[p\ is an irreducible GQ-module 
and moreover the Artin conductor of the representation ^ : Gq Aut{E\p]) is 
equal to N = Ne- Let us write / e 52(ro(A''); Q) for the primitive form associated 
to E. The assumption of the good ordinary reduction atp implies that \a{p, f)\p = 1 
where f{z) = X)„>i /)<?" and of course that {N,p) = 1. Let us now write 
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fo G S2{To{Np); Q) for the ordinary form that we can associate to / by lemma [3] 
and fo S S'2(ro(-/Vpm^); Q) for the normalized eigenform that we obtain after re- 
moving the Euler factors at q\m, that is /g = /o|«m- We now consider the map 
h2{To{Nm'^p);'Zp) Zp induced by T{n) i-^ a(n, /o). Later we will prove that 
actually this map, under our assumptions, induces a decomposition, 

h2{To{Nm^p);Qp) =Qp(SA 

Let us write 1 for the idempotent attached to the first summand. Moreover we con- 
sider a constant c(/, m) e Zp, defined up to p-adic units, such that c{f,ni)lj^ g 
h2{To{Nm'^p;Zp). Let us now write L for Nm^. We denote by dE2Ad = dE : 
C{Zl;Zp) — > S{L; Zp) the Eisenstein-Katz measure on Z^. Recall also that for any 
arithmetic measure dfi : C(Zp ; Zp) S{M;'Zp) with M \ L we have defined another 
arithmetic measure dfi'" with values in S(L, Zp) by applying the operator [L/M]. 

Lemma 5 Let (p G C{'Lp ; O^) be a character of finite order Consider the measures 
djJLg^ * dE and d^^^^^ * dE. Then we have, 



fj{dfil*dE)- fj{dfi^,„ 



■ dE) 



< 1 

p 



Proof By the calculations we did in the previous section for the proof of Hida's p-adic 
Rankin-Selberg theorem we have. 



and similarly. 



(d^t *dE)^{l (bdfil){ ep{z)<Pp{z)dE) 



^ {d^,^ *dE) = { cl>dpLl )( / ep{z)M^)dE) 



with (j)p{z) = (t)~'^{zp). The lemma now follows from the facts that dE is an integral 
measure and |/Xg^(0) — /i^^ {'i')\p < 1 as the operator [N] preserves congruences. ■ 

Now we are ready to prove a first type of congruences. Let us write u for a{p, fo) 
and define w by uw = p. We have. 

Theorem 2 Consider the quantities, 

Pp{p,U~'^) D{p,q\m}if,9pA) 



and 



R{p) ■= c{f,m)a{p) 



Rijj) :— c{f,m)a{a) 



Pp{p,W-^)n^i<fQ\TLpJo>Lp 

Pp{a,U^^) £'{p,g|m}(/,5cr, 1) 



Ppia, w 1) ttH < fo\TLp, fo >Lp 

where, a{p) :— ep[p)u~^''^^>'\ a(cr) ep{a)u~^''^^''^ with cr 1 © Ep the Artin 
representation induced by the trivial character, ep(-) local epsilon factor and Vp{Np) 
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the p-adic valuation of the conductor of the Artin representation. Then with the as- 
sumptions as above R{p) and R{a) are p-adic integers and, 

R{p) = R{<j) mod p. 

Here we would like to remind the reader that under the assumption of the elliptic curve 
being semi-stable we have that D{s, f, gp) = L{Ef, p, s). 



Proof We claim that for any character (p £ C (Z^ ; O ^ ) we have that. 

By definition we have, 

'^^^/csp = c(/,m)^;^ o e( / </) id^ll * dE)) 



Note that the trace operator is now just the identity. By the definition of the linear form 
we have that c(/, to)^^^ (e /i) — a{l, c{f,m)l j^e h) for h e S{L;Zp). But we 
have that |e h\p < \h\p and also |c(/, m)lj^e h\p < \e h\p and hence by lemma|5]we 
establish the claim. Now in order to obtain the congruences we evaluate both measures 
at the trivial character ip modulo p and hence we have. 



We now work both sides of the above equation. We start with the left hand side. By 
theorem [T]we have, 

^'^ TT^i < fo\2TLpJo>Lp 

where /3 is such that pg (ip) — 5xl*p ^ Si{Ti{m'^p^). We consider the Rankin- 
Selberg product D{fo, pg^{ip)\iTi3, 1) = D{fo, gp\ip)\iTp, 1). We will write g for 
gp and M for m^. Let us assume first that the character x is not ramified above p 
and hence /3 = 2. We can write in this case g\tp — g — a{p,g)g\[p] = g — g\[p] 

as a{p,g) = 1. We apply tmp^ = ^ 2 ) above equation and we 

use the fact that g E ri(Mp) is a primitive form of level Mp and hence satisfies 

g\i ( i!l n I ~ ^{9)9^ = ^{9)9^ as g has rational coefficients. The quantity 



Mp 

W{g) is usually called the root number of g. We have, 

(5kp)|iTAfp2 =g|iTAfj,2 - g\[p]\iTMp2 
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Mp )[o I ''^^'[o 1 ) [ Mp' 

= p'W^(g)5lb] - W^(5K'5 = -p'^W{g){g-pg\[p]) 
Hence we get that. 

Moreover we note that D{fo, g, 1) = Pp{g, w^^)^^£'{p.g|m}(/, 9, 1) where we have 
removed the Euler factor at p and q\m from the primitive Rankin-Selberg product 
D{f, g, 1). Also, BaHster in |[T] p. 17 has computed the local epsilon factors of p from 
where we get ep{p) = p^Wp{g) and Wq{g) — 1 for q\m and hence we conclude, 

X ^p{P-, W ) TT^l < Jo\2TLp, Jo >Lp 

The case where x is ramified at p is easier as g\tp = g since Pp{p, X) = 1 and hence 
we can use directly the action of rjv/p3 . Hence also in this case we get, 

'pdt^fo.. = c{f)utep{p)u-^^^^f^^^l^h^ e Zp 
We now work the right hand side of the congruences. We have that, 

^ oo 

E,{ep){z) g,{z) = -L{0,ep) + J] ep{d))q" e M^{To{p),ep) 

n=l 0<rf|n 

where we write, as always, for the non-trivial character of Gal{Q{p3)/Q). We 
consider now the imprimitive Rankin-Selberg L-function D{fo, gi\im.\tp\iT,n2p2,l) 

where r„2„2 — ( 22 ) ■ consider each prime separately, i.e. first 



we consider the quantity D{fo, gi\ip\Tp,l) with Tp = ^ ^2 ^ ^^^'^ 

quantity D{fo, gi\iq\Tq,l) with Tg = ^ ^ for q\m. Let assume this and 

do the calculations and at the end we return to this point. As before we can write 

Ei{ep) I ip — Ei{ep) — Ei{ep)\i[p]. Working as above we have, 

Eii^p) hp I ( p2 ) =p'iw{E,{ep)){E,iep)~pE,{ep) \ [p]) 

Hence we have, 

Difo,E,iep)\tp\iTp^)=p-^WiE{ep))a{p,fo){l-a{pJor')D{fo,Ei{ep),l) 
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But for the Eisenstein series Ei (gp) we know that £'(/o, Ei (ep), 1) = L{fo, l)i(/o, e^, 1) 
or equivalently D{fo, Ei{ep), 1) = (1 - a{p, /o)p"^)"^L{p}(/, Cp, 1). Re- 

call that we have defined u := a{p, fo) = a{p,fo) and uw = p we finally get, 

_l 1 — 

D{fo, Ei{ep, l)\tp\iTp) = p 2 W{E{ep))u ^ _ ^_^ L[p^g\^y{f, l)L{p_,|„}(/, Cp, 1) 

We now consider a prime q \ m. Now we write just g for gi — Ei{ep). As q p, 
we have g \ = g - a{q,g)g \ [q] + ep{q)g \ [g^]. Now we apply the oper- 

^ ). Doing the calculations as before we get 5 1 \i Tg = 



q^p 

q~'^€p{q)W{g){g-€p{q)a{q,g)qg | [g] +ep(g)g^5( J [q'^]). But note that since L(s, /o) 
has no Euler factors at q | m we have that D{s, fo, g\[q^]) = for any r > 1. So 
we obtain £)(/o,s(|zg | Tg,l) = q~^ep{q)W{g)D{fQ,g,l). Putting all together and 
noticing that q~^ep{q) = 1 mod p and Wg{g) = 1 we get, 



, /J- X + / ^ -lPp{<^,U ^) D{p,g|,„}(/,ga,l) 



Ppia,W-^) < /olzTLpJo >Lp 



The fact that \ut\p = 1 allows us to conclude the proof of the theorem. Let us now also 
justify our claim that we can work each prime separately. For simplicity we do the case 
ofm, = q but we will become obvious how one obtains the general case. So with g as 

above we have, 

9\ipq = {9- 9\\P]) - a{q,g){{9 - 9\\p]))M + ^p{q){{9 - 9MW] 

Now we apply the operator Tp2 g2. We claim that only the term €p{q){{g—g\[p]))[q'^]\iTp2g2 
will survive after considering the Rankin-Selberg convolution with fo. Indeed as fo has 
no Euler factors at m its Rankin-Selberg convolution with a form g' with a{n,g') =0 
if (n, q) = 1, will be trivial. Consider now, g\[q''p^]\Tp2g2 with i = 0, 1, 2 and j = 0,1. 
Then, 

ir ^ jii 1 I «V \ / -1 

-l\fpq^ \_ 1 ^^^^^^1^ f q^p^ \ f p^ 



So we see that if i 7^ 2 then D{1, fo, g\[q^p^]\Tp2g2) — 0. Moreover we see from 
the above computations that the term ep{q){{g — g\ equals ^^Y^p~^W{g){g — 
pg\\p]), which concludes our claim. Now it is not hard to check that our argument 
extends to the general case. One has again to observe that only terms of the form 
g'l [m^] will survive after the Rankin-Selberg convolution. ■ 
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5.2 The case p > 3 

Let us fix some notation first. Let us write K := Q(/ip) and F := Q(/ip)+, a totally 
real field and [K : F] = 2. Moreover we write p for the unique prime above p in F and 
Cp for the non-trivial character of K/ F. Let us also denote by x a non-trivial character 
of the cyclic extension K{^/lri)/K of degree p for some p^^ power free integer m. 
Moreover we write p := Ind^{x) and R := In(f^{p) = Indt^{x)- Also we write 
cr := /nd^(l) = 1 ® ep and S = In(f^{l) = ®^r=i^^ for some character 6 of 
Gal{K/Q). Our aim is to establish congruences between the quantities 



Q{R) := ep{R)u 



-vAN^)_Ppi^,^ ) Ls{E/q,R,l) 



Q(E) := ep(S)u- 



-vjN..) Pp{^,u-') Ls{E /q,j:,i) 



Pp(S,«;-i) {n{E)+n{E)_)^ 

where S is the set of primes consisting of p and q\ni. From the inductive properties 
of the L functions we note the equalities Ls{E/Q, R, 1) Ls{E/Q, Ind^{x), 1) = 

Ls{E/Q,Ind^In4ix),'i-) = Ls{E / FJnd^M^) = Ls{{E/F,p,l) and also in 
the same way Ls(£'/Q, S, 1) = Ls{E/F,a, 1). Of course here the set S contains 
the primes of Op and Ok above m and of course p. Moreover as the inductive prop- 
erties hold for Euler factors we can also conclude that Pp{R,X) = Pp{p,X) and 
Pp(S, X) = Pp {a, X). For the local epsilon factors and the conductor we know that 
they are inductive in degree zero and so we have that, = ^^Sl. We now consider 

the quantities, 

O(o) ■= cJo)u-^'(''"^ PpjP^u-') Ls{E/F,p,l) 
Q{p). ep[p)u Ppip,w-^) ^n{EUn{E)_)^ 



Q{a) := ep(fT)w' 



-vM Ppi^'^~') Ls{E/F,aA) 



Let us now write / G 5*2 (Fq ( A^) , Z) for the primitive cusp form that we can associate to 
-Band by TT/ the corresponding cuspidal automorphic representation, i.e. L{E/Q, s) = 
Lif, s) = L{TTf, s). Notice that as F/Q is cyclic we can consider the base change of 
TTf from Q to F, a cuspidal automorphic representation tt^ of GL{2,Af) such that 

L{tt^, s) = Ylr=i ^{''^f ® for a finite order Hecke character rj that corresponds 
to a Galois character that generates Gal (F/Q) ^ . Let us write (p for the Hilbert modular 
form of parallel weight two that we attach to tt^ in the canonical way that we have 
described in the introduction. 

By automorphic induction for degree two extensions we can associate a Hilbert 
modular form G 5'i(7Vx/F(fx)p! *^p) to p (the character is just Cp as x is anti- 
cyclotomic), and an Eisenstein series E^- G Mi (p, Cp) to a. From now on we will write 
M for the ideal N^/Fi^x) of Of- Note that as we assume that E is semi-stable we 
have that L(F/F,x,l) = £>((/), .gp, 1) and L(F/F, cr, 1) = D{^,E^,1). Moreover 
we write 0o for the "ordinary" Hilbert modular form that one can attach to such 
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that C(q, 4>a) — C(q, if q ^ p and C{p, 0o) is the p-adic unit root of the equation 
— C(p, (j)) + p — 0. Note that C(p, (/)) = a(p, /). Finally by 0o we denote the 
Hilbert modular form that we obtain from (j)Q by removing the Euler factors above to. 

We can extend all that we did above for the case of p = 3 to the more general 
setting of p > 3, where now instead of working with elliptic modular forms we work 
with Hilbert modular forms. In particular we could introduce the notion of a p-adic 
Hilbert modular form as in Hida 1 15| using the (/-expansion principle or their moduli 
interpretation as in Katz [22 J. However as we said in the introduction we do not have 
yet a theorem for the general case for reasons that will explain later So in this section 
we restrict ourselves to just state the following theorem, a proof of which can be found 
in UJ. It will be enough in order to address the issues that prevent us from proving a 
general theorem forp > 3. 

Theorem 3 Let 7 be the power ofp in the level ofEu and (3 the power ofp in the level 
of gp. Consider the quantities, 

Q(p):=C(p,0o)-(''-V^^^""''''^'"^-^^^''^ 



Q{a) :=C(p,(/)o)-(^-V — 



D{(f)Q,E^l^j^ |TAfpT, 1) 



^2 ttP 1 < (j)o\TLp,(t>Q >Lp 

Then there exists a well-determined constant c{<j)^ to) G Op depending only on (p and 
m such that, both c{(j), m)Q{p) and c{(p, m)Q{a) are p-adically integral and, 

c{(l), m)Q(p) = c(0, m)Q(a) mod p 



6 Congruences between special values 

In this section our aim is to obtain a better understanding of the nature of the con- 
stant c(/, to) appearing in theorem |2] and its relation with the choice of our periods. 
Vaguely speaking, we show that the reason that this constant appears is that the Pe- 
tersson inner product is not the right choice to obtain integral values of the ratio (L- 
values)/(automorphic periods) and this constant measures this failure. 

We start by showing that our map /i2(ro(iVpTO^); Zp) — > Zp given by T{n) ^ 
a{n, /o), under the assumptions stated in the introduction, induces a decomposition of 
the form, h2{ro{Npm'^);Qp) = Qp x A. This will be done by showing that actually 
factors through a local ring of h2{To{Npm'^);1ip) that is reduced. Then our next goal 
is to relate the quantity c(/, to) to the periods < /oItats , /o >, with N^, = Neitl^p 
that appear in the congruences of theorem |2] Namely we will show that there is a 
period determinant, we call it 51(/)e for S the set of primes dividing to, such that 
c(/, TO)f](/)E =< /oItatj, , /o >, up to a p-adic unit. 

In order to conclude the theorem we will show that actually the quantity ft{f)j: is 
independent of to and the prime p. Hence we are reduced down to the primitive form 
/ and the existence of a strong parametrization of E by Xq (N) allow us to obtain a 
relation with the Neron periods. 
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As we mentioned in the introduction, in this section we rely on Wiles' deep results 
in [128 1 . Indeed the local ring through which our map factors is nothing else than the 
reduced algebra T^, using Wiles' notation, that he eventually proves to be isomorphic 
to some universal deformation rings that classify Galois representations with some 
predetermined properties that deform a fixed modular mod p representation. Actually 
for our purposes we need the minimal level i.e. S = 0, to be the conductor of the 
elliptic curve and this is the reason for imposing the assumption that the level of the 
elliptic curve is the same with the conductor of the reduced (mod 3) representation. 

Then we define the module of congruences using this reduced local ring. It mea- 
sures congruences between our modified form /q and other normalized eigenforms. 
The annihilator of this module will be eventually the quantity c(/, m) . We will compare 
this module of congruences with what may be called the cohomological module of con- 
gruences. Under our assumptions. Wiles' results on the freeness of H^{Xo{N-s), Zp)m 
as a h2{To{Npm^); Zp)m -module, where here we write m for the maximal ideal that 
corresponds to the form that one obtains reducing /o modulo p, will give that ac- 
tually the two modules are isomorphic. This will relate c(/, m) to the periods < 
fol^Ns, fo >■ Then again a deep result of Wiles, the generalization of the so-called 
"Ihara's lemma" will essentially say that this relation does not depend on the change of 
level that we have introduced to / by removing the Euler factors at m and modifying 
the one at p. Hence we can reduce our study to the initial level N where the modularity 
of the elliptic curve provides us the way to obtain the relation with Neron periods. 

We would like here to mention that in this section we have benefited the most from 
the article of Darmon, Diamond and Taylor [6| based on Wiles' fundamental paper 
ll28l . Most of the constructions and proofs here are minor modifications, mainly just 
restricting their constructions to our specific case, of the ones done in their paper. 

Structure of Hecke algebras: In this section we collect some well known facts 
about the structure of the integral Hecke algebra /i2(ro(iV); Z) and its completion 
h2(ro{N);Zp) at some prime p. Our main reference is |6|. We fix a finite exten- 
sion K of Qp and we denote by Ok the ring of integers. We write A for the maximal 
ideal in Ok and k for O/X. Let us moreover fix algebraic closures K and k of K and 
k. We consider the Hecke algebras (a) /i2(ro(iV); Ok) = h2iTo{N)-Z) (g>z Ok, (b) 
h2iToiN);K) = h2{To{N);OK)(E>OKKeind(c)h2{ro{N);k) = /i2(ro(iV); Ok)®o. 
k. From the going-up and going-down theorems we have that the maximal prime ide- 
als m C /i2(ro(-/V); Ojf) are above the prime A i.e. m n Ok = (A) and for the 
minimal primes p, p n Ok = (0). Moreover we have the isomorphism ([6|, p. 90) 
/i2 (Fq {N) ; Ok ) — * Dm ^2 (Fo (N) ; OK)m where the product is over the finitely many 
maximal ideals of /i2(Fo(A^); Ok)- 

Let f E S2 (Fo (N) ; K) be a normalized eigenform and consider the K-algebra 
homomorphism A/ : /i2(Fo(A^); K) K, that sends T{n) 1-^ a{n, /). Using this we 
can associate with / a maximal ideal of /i2(Fo(A^); A') by kcr(A/) which depends only 
on the Gk conjugacy class of /. In the same way we can associate a maximal ideal 
of /i2(Fo(-/V); k) to a normalized eigenform g E S2{To{N); k). We usually write / 
for the reduction modulo A of a form / with integral Fourier expansion. The following 
proposition is taken from 1,6J, p. 90. 
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Proposition 3 Let us denote by S2{N; K){Gk) the normalized eigenforms in S2{^a{N); K) 
up to Gk conjugacy and by 5*2 (A^; k){Gk) the normalized eigenforms in S2{To{N); k) 
up to Gk conjugacy. Then the elements in S2{N; K){Gk) {resp in S2{N; k){Gk)) 
are in bijection with the maximal ideals of h2{To{N); K) (resp maximal ideals of 
h2{TQ(N); k)) which in turn are in bijection with the minimal primes ofh2{To{N); Ok) 
(maximal primes of h2(To{N); Ok)})- 

Finally we note that if we let m be a maximal ideal in /i2 (Fq (N) ; Ok) and consider 
the maximal ideals p C /i2 (Fq ( A^) ; -ftT ) with p n /i2(Fo(A^); Ok) C m then we have 
an isomorphism h2{To{N);OK)m ^Ok ^ ~^ Yip ^^(^^i^)' ^)p- We also men- 
tion what the Atkin-Lehner theory implies for the Hecke ring /12 (Fq {N);K) under the 
assumption that the field K contains all the coefficients of all the primitive forms of 
conductor dividing N and trivial character. Let us denote by V{N) the set of primitive 
forms of conductor dividing N . Then we have that, 52(Fo(iV); K) = © f^-p(N-)SK,f 
where Skj' is the X-linear span of {f{az) : a \ N/Nf} with Nf the conductor 
of the primitive form /. For each / X]n>o '^('^' ™ V{N) we denote by 
h2iTo{N);K)[f] the image of h2iTo{N); K) mEndK{SKj)- We consider the poly- 
nomial ring, Akj — K[uf,q : Vg | N/Nf] and the ideal Ikj C Akj generated by 

the polynomials Pf,q{uf^g) = w^'g^^^^^'^U/^, - a{q,f)uf^q + l{Nf)q) where we 
write Vq{N/Nf) for the valuation at q. We now prove the following, which is a version 
of lemma 4.4 of [6 1, 

Lemma 6 There is an isomorphism of K -algebras ip : h2(To{N); K) ^ H/e^n ^^j/^^J 
defined by. 



m<i))j 



a{qj), if{q,N/Nf) = l; 

Uf^q mod Ikj, otherwise. 



Proof We define the iC-algebra homomorphism, 9 / : Akj —* ^2 (Fo [N] ■,K)[f] by 
Uf^q ^ T{q). Notice that the polynomial Pf q is the characteristic polynomial of the 
operatorT((7) acting on the space spanned by the forms {f{aq'^z) : i = 1, . . . , Vq{N/Nf)} 
for each a dividing N/Nfq^''^^/^f\ That implies that Ikj is in the kernel 9/. Hence, 
we have the following surjection, which we denote by 9, 

9 -.YIAkj/Ikj -^l[h2{roiN);K)[f] 
f f 

But since h2{TQ{N)]K) ^ J]/ ^2 (Fq ( A^) ; ii') [/] the following counting argument 
establishes the isomorphism, 

dimK{h2{To{N)-K)) - dimKS2{To{N),K) =Y,MN/Nf) ^Y^'^itjikAkj/Ikj 

f f 

with (To H = Eo«i|»l- ■ 

Reduced Hecke algebras: Recall that we are interested in the X-algebra homomor- 
phism 1x2 (Fo {Npm^), K) K that corresponds to a normahzed eigenform that arises 
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from an ordinary primitive form / of conductor N after "removing" the Euler factors 
at the primes dividing m and modifying the Euler factor at p by keeping only the p-adic 
unit part. In this section we are going to show that under some assumptions on /, that 
we now describe, this homomorphism factors through a local ring h2{To{NTn?p, 0)m 
that is reduced. We recall that if we write pf pf p : Gq — > GL2{Zp) for the p-adic 
representation attached to /, then we assume that the reduced, mod p, representation 
'p := p mod p, is irreducible. Let us now write N{p) for the Artin conductor of p. 
Then we also assume that N{p) = N . Finally / is the normalized primitive form 
corresponding to an elliptic curve E, which we assume has good ordinary reduction at 
P- 

As we have already mentioned in the introduction we will show that our local ring 
h2iXo{Npinn?),0)m is isomorphic to some reduced ring Ts that appear in Wiles' 
work. For the purposes of this section we do not really need to establish this iden- 
tification as we can work only with the full Hecke algebra. However in order to make 
some remarks when we later consider the case p > 3, of course in a Hilbert modular 
form setting, we will refer to this identification. 

Let us start by fixing a general setting for this section. We write / for a normalized 
primitive form of conductor N and trivial character that is ordinary at p. We will 
write p :— pf for the p-adic representation that we attach to /, and p := pf for 
its mod p representation. From now on we assume that the local field K is always 
sufficiently large, in the sense that always contains all the Fourier coefficients of the 
cusp forms that we consider. We fix a set E of primes £ ^ p that do not divide N. We 
define, Nj: := Np Yleen Moreover we write My. for the set of primitive forms g of 
conductor dividing Ny, and trivial character with the property that, 

a{q,g) mod A' = tr{jj{Frobq)) \fq with {q,Ny) = 1 

where A' is the maximal ideal in the field Kg, the minimal Qp extension that con- 
tains the coefficients of g. Notice that if we write pg for the p-adic representation that 
we can attach to the newform g then the above condition gives that J) ®k kg = Jjg 
where is the unique, up to isomorphism, mod p semi-simple representation such 
that tr{pg{Frobq)) — a{q, g) mod A' for all {q, N{jjg)p) = L Let g £ Afy be any of 
our selected primitive forms and for any such g we consider the normalized eigenform 
g' G 52(ro(iVs)) that is defined by, 

1. a{q, g') = a{q, g) if q does not divide Ny/Ng 

2. a{q, g') = Q\f q^ p and q divides Ny/Ng 

3. a{p, g') :— u{g), the p-adic unit root of the equation — a{p, g)X + p = if 
p divides Ny/Ng. Note that this makes sense as p comes from an elliptic curve 
with good ordinary reduction at p. 

It follows from lemma 4.6 of |6| that the form g' e S'2(ro(A''s); k) is indepen- 
dent of g, and more precisely it is characterized by the conditions (1) a{q,g') = 
trpj^{Frobq) if g = p or g ^ E, where we write for the coinvariant space of 
the inertia at g, and (2) a{q,g') = if g G E. We then write m for the maximal 
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ideal in /i2(ro(iVs); O) that corresponds to g' by proposition |3] Then we claim that 
h2{To{Nj:); 0)m K is a semi-simple i^T-algebra. Indeed we have that. 

Proposition 4 There is a K -algebra isomorphism, 

(l):h2{Va{N^):,0)m®oK ^ \[ K 

given by 

( a{q,g), i/g ^ S U {p}; 
{cj,{T,))g=l 0, i/geS; 

Proof By lemma|6]we have an isomorphism 

h2{To{N^); K) ^ Y[ AK,g/lK,g 

geV{Ns} 

where V{Ns) is the set of primitive forms in S2{ro{N^); K). Recall also that for a 
maximal ideal m C h2{To{Nj:);OK) we have that 

h2{To{N^);OK)m ®Ok 

K^X{h2{TQ{N^);K\ 
p 

for all prime ideals p C h2{Va{NY,)]K) that restricted to /i2(ro(iVE); Oif ) they are 
contained in m. Hence we obtain the following isomorphism, 

h2[To{N^YOK)m®O^K ^ W W {AK,g/lK,g\ 

geV{Ns) peMg 

where A4g is the set of prime ideals in AK,g/lK,g that their image under the map Qg 
(with notation as in lemma|6]l when restricted to /i2(ro(iVs); Ok) is in m. But if g 
is not in A/s then Mg is empty. If g is in A/s then there is a unique prime ideal in 
A^g, call it pg', that restricts inside m. Indeed, it is the prime ideal that corresponds to 
the normalized eigenform g' constructed above as we have shown that it is the unique 
normalized eigenform in Sx.g with the required reduction. This prime ideal is actually 
the kernel of the map AK.g/lK,g K sending Uf,g ^ a{q, g'), and after localizing 
we obtain {AK,g/lK.g)p^, — * K. Finally the explicit description of the isomorphism 
in lemma|6]gives the description of the isomorphism 0. ■ 

Now we are going to introduce the algebras Ts that appear in Wiles' work. As we 
mentioned, we will not make any direct use of them in the case of p = 3. We consider 
the Oif-algebra :— YigeAfs ^^a- define the O/f-subalgebra Ts C T'j^ 

generated over Ok by the elements T{q) :— {a{q,g))g for all q relatively prime to 
Ns- Note that Ts is reduced as we consider only the "good", i.e. away from the level, 
Hecke eigenvalues. In Wiles' work this algebra is shown to be a deformation ring of the 
representation p. One of the crucial steps in his work is that he identifies this algebra 
with a localized part of the full Hecke algebra. In our case it follows from Proposition 
4.7 in jS) that there is an isomorphism of O/^-algebras, <j) : h2{To{NY,); OA')m ^ 
given by Tq T{q) for all q relatively prime to N^. 
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Modules of congruences For our primitive form / e S'2(ro(A^/; Zp) we are inter- 
ested in the map tts : /i2(ro(-/Vs); Zp) Zp induced from the normahzed eigenform 
/' = /o = foUm, with TO — n^es^- universal property of locahzation, this 

map factors as, 

TTs : h2{To{Ns);I.p) ^ /i2(ro(^s); Zp)„, -> Zp 

where the maximal ideal m is as in the previous section. If we use the identification 
h2{To{N^); Zp)m ^ Ts then the map can be realized as the projection to the com- 
ponent corresponding to /. Moreover we have shown that h2{To{Nj:); 'Iip)^ = Ts is 
reduced and in particular the map tts induces a splitting /i2(ro(^s); '^p)m ®z Qp = 
Qp X A, where we write just Qp as / has rational coefficients. Recall that we write 
Iqp for the idempotent corresponding to the copy of Qp. We would like to study its 
"denominator" i.e. a quantity c(/, m) such that c(/, m) 1q is integral. For this we now 
introduce the notion of the module of congruences. 

We start with some general definitions and properties of the module of congruences 
as for example are given by Hida in his book, see IJ71 (page 276). Let us write h for a 
local ring /i2(ro(iV), 0^)111 for some N. Moreover let us assume that h is reduced and 
that we are given a map <j) : h ^ Ok, such that it induces an if-algebra decomposition, 

h(S)OK K ^ K X A 

for some if -algebra A. Let us denote by 1^ the idempotent that corresponds to the 
first summand K. We define a Ker{h A) and p := Ker{(f>). Note also that 

Amihip) = a. 

Definition 6 The module of congruences C'o{h) of 4> : h Ok is defined as, 

Coih) := (h/a) ®h.^ Ok = = Ok/H^) = Uh/a 

a © p 

We now consider the module of congruences Ca{h) for our reduced ring h := 
/i2(ro(iVE), Zp)m and our map tts. We will compare it with a "cohomological" mod- 
ule of congruences, following the terminology of Hida and Ribet, which we will in- 
troduce below. Let us write X for the compact modular curve Xo{Ny,)- We consider 
the first cohomology group H^{X,'Lp) and we have seen in chapter three that this 
as a Hecke module over h2{Ta{N^) \ "Lp). Moreover we consider the standard skew- 
symmetric bilinear perfect pairing as for example in |^ page 106, 

(•,•): H^X-'Lp) X H\X-'Lp)^Zp 

Let us define L := H^{X; Zp)m, where we have localized H^{X; Zp) at the maximal 
ideal m. This is then an h-module. Let us consider the action of complex conjugation 
on H^{X; Zp) and define L[+], L[—] for the eigenspaces of L. We define a cohomo- 
logical module of congruences by, 

C^^tLH) 1q^L[+]/1q^L[+] n L[+] - L[+]Q./^[+]q, = ^^^^ 



L[+][p]eL[+][a] 
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where we have set L[+]''2p :— lq^L[+], the projection of L[+] to the first component 
of the decomposition L[+] % = lQp(i[+] Qp) 0(1- lq^){L[+] %) 
induced by the spUtting of the Hecke algebra. Also L[+]q := 1q L[+] n = 
L[+][p] with p and a as in the definition of the module of congruences, the restriction 
of to the first component. Here, as usual, -L[+][p] = {I ^ L[+] : X{1) = 0, VA S 
p}. Note that L ®Zp Qp = {X\ T,p)m ®Zp Qp is free of rank two over h (^Zp Qp and 
hence L[±] (Xiz Qp of rank one. In particular we have that i[+]Q is a free Zp-module 
of rank one. We fix a basis The same holds for L[— and we fix a basis x^. 

Lemma 7 For the " cohomological" module of congruences we have. 

Proof (See also Q p. 105 and UJJ p. 275) It is enough to show that L[+]q^ = 
FoTOZp(L[-]Q^Zp) and ^ HomzjL[~]q^,Zp). This follows by the pre- 

fect pairing (•, •) on L. Indeed first we note that complex conjugation acts as (a, b^) — 
— (a'', 6), which explains the eigenspaces. Now let us show that ^ HomZp{L[—]q^,'Zp) 

as the other claim is obtained similarly. Note that if we consider a basis {xi, X2,- ■ ■} 
of L as a Zp module such that xi = X- then as L is self-dual with respect to (•, •) there 
is a dual basis {xl, a;2, • • • } in L. Taking the projection 1q x*_ [+] gives a dual basis 

We would like to compare the module of congruences Co{h) and C"^°''(L[+]). 
Under our assumptions on /, i.e. it is p-ordinary and its modulo p representation is 
irreducible, we have the following important theorem of Wiles |28|. 

Theorem 4 (Wiles) The h-module (X, 'Lp)m is free ( of rank two). 

We can conclude. 

Corollary 1 Co{h) = ^ = ¥ = iW^V^WQ, = C'"HL[+]) - Zp/((a:+, 

Hence the quantity {x+,x^) E Zp annihilates the module of congruences and 
in particular we know that {x+,X-)1q E h C h2{To{N^),Zp). Hence we can 
define, up to p-adic units, c(/, m) := X-). In the next section we will study the 
relation of c(/, to) with the periods < /qItn^ , /□ > that appear in the first form of our 
congruences and eventually relate it to the Neron periods J7+(i?) and 51_ [E). 

Relations between periods of different levels: The main aim now is to understand 
the relation between the quantity c(/, m) and the automorphic periods < fo\TN^ , /q > 
that appear in our congruences in theorem |2] Recall that we are considering the ho- 
momorphism vTs : /i2(-^e; Zp)m ^p corresponding to our normalized eigenform 
g /o, arising from the newform / (i.e. g — /o|«m)- Let us write Z(p) for the lo- 
calization of Z at p. Recall that we write p for the kernel of tts . Then we have the 
inclusion, 

H\Xo{N^);Z^p))[g] c H\Xo{N^);ZpUp] = L[p] 



6 CONGRUENCES BETWEEN SPECIAL VALUES 



27 



Let us choose a basis X-} for L[p] which is in the image of H^{Xo{N^); Z(p))[5]. 
We remind the reader that p = 3 and so as we are interested in statements up to p- 
adic units we can keep working with eigenspaces. We consider the C vector space 
{Xq ( A^s ) ; C) [g] . The classical Eichler-Shimura isomorphism gives, 

^2(ro; C) © S^{To; C) ^ H\Xo{N^);C) 

where we write S2(ro{N^); C) for the space of the anti-holomorphic cusp forms. A 
canonical basis of H^{Xo{Ns);C)[g] is given by, {u;g,uj^} where = ^ a(n, g)q"-^^dq 
is a holomorphic differential on X and uJgP — J2 '^{^i 9)<P~^dq an anti-holomorphic. 
Note that actually in the case of interest g has rational coefficients, hence g^ — g. We 
now define a period il{f)s as follows. We let A^: be the two by two invertible matrix 
inG'L2(C) such that [ujg,ujg] — [x^,x^]Ay: and we define ri(/)s := det{A^). Then, 

Lemma 8 With notation as above we have the following equation, 

c(/,"i)f7(/)E = {x+,x-)n{f)s =< g\TN^,g> 



Proof Just note that the skew-symmetry of the pairing for A^, = y ^ j gives 

{uig,ujg) = {ax++cx-,bx++dx-) = ad{x^, x^)~cb{x+,x^) = det{A-s:){x+, x^). 
But by the definition of the pairing we have that {LUg,ujg) — J^ZJg^T^^ — < 

g\TN^,g> ■ 

Hence in view of theorem |2] in order to conclude the congruences we need to 
relate the automorphic periods fi(/)s with the periods Vl+{E)^^ {E). The following 
theorem is taken from [^, p. 108 and is based on Wiles' generalization of the so-called 
Ihara's lemma. 

Theorem 5 We have, up to p-adic units, f2(/)s ~ f^(/)s=0 = ^(/) where VL{f) is 
the period defined by taking g = f above. 

Now we relate the period ft{f) with the Neron periods fl+(£')f7_ (i?), see llT2l . 
p. 255 and ||281 p.537. Recall that we consider an elliptic curve i?/Q of conductor 
and we write / S 5*2 (Fq ( A^) ; Z) for the primitive form of weight two and conductor A'' 
associated to it. Let us fix a global minimal Weierstrass equation of E over Z and let 
denote hy uje the Neron differential of this equation. Let us consider the eigenspaces 
of Hi{E{C),Z) under the action of complex conjugation. We fix generators 7^ and 
7^ for the spaces Hi{E{C); Z)+ and Hi{E{C); Z)- . Recall that we have defined the 
Neron periods as, 

^iE)± := [ UJE 

If we write : Xf){N) E for the strong Weil parametrization of E/Q then we have 
that (jf'^E = 2TncEf{z)dz where ce ^ and in particular it has been proved by 
Mazur ll25l that cb is a p-adic unit if p^ j AN. By Poincare duality we can pick a Zi-p) 
basis {ci, C2, . . . , Cm} of _ffi(Xo(A^); Z(p)) such that J^. — Sij for i,j — {1,2} and 

£1 , £2 a basis of {Xq (N) ; Z(p) ) [p] . Then we have. 
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det 



Jco ^Z J C') 



det 



Moreover we have. 



det 



0(C2) ' 



= 4^'4 



det 



= 47T^cln{f) 



And also. 



det 



[ - to [ - to 



2\n+{E)n^{E)\ = 2n+{E)n^{E)i-^ 



where the last equality follows from the fact that we can pick 7^ such that i (E) 
and ft+ [E) are real positive. As 



det 



f - UJ f - LU 

J y J ^ ^ 



det 



I 4, 



ci)' 




up to p-adic units, we have. 



Theorem 6 The relation of the period with the periods fl^{E) and ^-{E), up 
to p-adic units, is given by the equation, 

TT^inif) = n+{E)n^{E) 

Putting all together, theorem |2] lemma [8] theorem |5] and the above theorem we 
conclude 

Theorem 7 Consider an elliptic curve E as in the introduction. Let m be a power 
free positive integer with (m^NE) — {m,p) = 1 with p = Z. Consider the Galois 
and let p be the unique non-trivial two dimensional Artin- 



extension 



representation that factors through Gal{Q{fip, ■^/rri)/Q). Then, 



^"^^'"^ Pp{p,w-') n+{E)n^{E) -^p^'^^" Pp{<j,w-^) n+{E)n_{E) """"^^ 

where a = 1 with ep the non-trivial character o/Q(/ip)/Q and u, w such that, 

1 - apX+pX'^ = (1 - uX){l - wX), ueZ^ and p+l-ap = H=Ep{¥.p) 

Let us remark here that it is easy to see that we could relax our assumption that 
the conductor of E equals the conductor of the mod p representation in the expense of 
obtaining the weaker congruences, 

R{p) n P<i{E.pA) = R{a) W P,(-B,a,l) mod p 
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where Ndi / / the ratio of the conductor of E over the Artin conductor of the mod p 
representation. Indeed, instead of considering the eigenform /o|«m we need to consider 
the one where we remove the primes that divide m and those that divide N^nfj, i.e. 
fo\imNdits ■ It is this eigenform that will induce a homomorphism of the Hecke algebra 
that factors through a reduced local ring in case that Ndi ff^& not one. Then everything 
carries as above but eventually we remove also the Euler factors at N^i ff as we have 
modified / in this way. 

7 Speculations for the case p > 3 

As the title indicates there are no real results in this section. The aim is to give a brief 
account of the problems that we face trying to extend our previous results to the case 
p > 3, working in the Hilbert modular form setting. 

Note that in the previous section the fundamental result of Wiles allowed us to 
compare the size of the module of congruences for the Hecke algebra with the cohomo- 
logical one which eventually was related to the periods that we used. In particular the 
crucial results were, first, that the localized first cohomology group was a free Hecke 
module over the local ring corresponding to our cusp form and second the generaliza- 
tion of "Ihara's lemma" that allowed us to relate the different levels. In the Hilbert 
modular form setting, results of this form have be obtained by Diamond in Q and 
Dimitrov [ lO]. However for both authors it is crucial to assume that they work with a 
prime that is unramified in the totally real field. 

Moreover there is another difficulty that is related to the automorphic periods that 
we can also define in this Hilbert modular forms setting. Indeed using the Eichler- 
Shimura-Harder isomorphism we can define periods ri(0)s, the analogue of n{f)^, 
and their relation to the Petersson inner product is governed by the cohomological 
module of congruences. However even if we had an Ihara type lemma in this case we 
would have still to relate fl{cj)), the minimal level, to the Neron periods up to p-adic 
units. So we run again into the same question as the one we addressed in our work 13], 
that is to understand the behavior of the automorphic periods under base change. 

Having stated these problems we would like to speculate a little. Note that in what 
we said above we do not really make use of the fact that actually we consider a Hilbert 
modular form that is coming from base-change. In what follows we will try to indicate 
that perhaps one can avoid working over the totally real field and reduce our ques- 
tions to the study of the adjoint square L{ad{f), s) L-function associated to / and its 
behavior under twists over the extension F/Q, F — Q{fip)~^. This also will justify 
our choice to underline the identification of the local ring /i2(ro(-/Vi;), Zp)m with the 
"deformation" ring Ts, in the previous section. Our exposition is very brief and not 
rigorous. 

So we keep the same notation as in the previous sections with the obvious ex- 
tensions to the Hilbert modular case. That is h is now a local ring of the Hecke 
algebra acting on the space of Hilbert cusp forms of level iVpm^ completed at p. 
Moreover it is the reduced local ring through which our ordinary normalized cusp 
form (po factors. We write Co(/i) for its module of congruences. As in the elUp- 
tic case one can identify h with the "deformation" ring T^. We consider the Z(p)- 
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module, Ci{h) := (fcer7rs)/(fcer7rs)^. Then by |l6l page 117, we have the inequality 
|Ci(^)| ^ |C'o(^)|- Let us now write pp for the 3-adic representation obtained from 
p by restriction to and consider its reduction pp modulo 3. Now let us impose the 
following conditions on pp, 

1. Pi? is absolutely irreducible. 



Then it is known by the work of Mazur that there exists a universal deformation 
couple {Rp, Qp), in the terminology of Hida ifTTl . that represents deformations with 
prescribed determinant and ramification in a way that we do not make explicit here. As 
we indicated in the elliptic case, the algebra Ts can be interpreted as a deformation 
algebra for pp and hence there is a surjection Rp T^. This implies the inequality 
16Jp.ll8, \Ci{Rp)\ > |Ci(Ts)| > |Co(Te)|. Again by Mazur's theory one can iden- 
tify Ci{Rp) with the Pontryagin dual of a properly defined Selmer group Sel{ad{pp)) 
attached to ad{pp). But we can decompose Sel{ad{pp)) = ®^Sel{ad{p) x) for 
X G Gal{F/Q)^ . So back to our congruences we have a bound for our constant 
c{cj), m) by the the sizes of the Selmer groups of ad{p) twisted by characters x that 
factor through Gal{F/Q_). 

Recall that the periods that appear in our congruences involve the Petersson inner 
product < (j)o\TN^, (j)Q >. We would like to factor this quantity to quantities that are 
related with the cusp form / and more important we would like to obtain some con- 
trol of the constants that may appear In the elliptic modular forms case a formula of 
Shimura allows one to relate the Petersson inner product < /o|tjvj, , /q > to the value 
of the adjoint L function L{ad{f) , s) at s = 2, in particular they are equal up to powers 
of TT and modified Euler factors at primes dividing Nj^. This formula can be extended 
to the Hilbert modular case, see ll27l page 669. One can then use the inductive prop- 
erties of the L functions to rewrite the periods < (PqIt^^ , 0o > as a product of the 
form L{ad{f) x, 2), up to modified Euler factors and powers of tt. These modi- 
fied Euler factors should correspond to the local conditions that we have impose to the 
above mentioned Selmer group depending on the deformation problem. 

Granted all the above speculations, we see that proving the congruences for p > 3 
is closely related to the Tamagawa number conjecture for the adjoint square L function 
of / and its twists with characters over the extension Gal{F/<Q). 
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